Synopsis We combine first-order dynamic logic for reasoning about the possible behaviour of hybrid systems with temporal logic for reasoning about the temporal behaviour during their operation. Our logic supports verification of hybrid programs with first-order definable flows and provides a uniform treatment of discrete and continuous evolution. For our combined logic, we generalise the semantics of dynamic modalities to refer to hybrid traces instead of final states. Further, we prove that this gives a conservative extension of our dynamic logic for hybrid systems. On this basis, we provide a modular verification calculus that reduces correctness of temporal behaviour of hybrid systems to nontemporal reasoning, and prove that we obtain a complete axiomatisation relative to the nontemporal base logic. Using this calculus, we analyse safety invariants in a train control system and symbolically synthesise parametric safety constraints.
Introduction
Correctness of real-time and hybrid systems depends on a safe operation throughout all states of all possible trajectories, and the behaviour at intermediate states is highly relevant [90] .
Temporal logics (TLs) use temporal operators to talk about intermediate states [247, 114, 115, 6, 284] . In addition to having successful uses in model checking [78, 6, 159, 156, 217] , temporal logics have been used in deductive approaches to prove validity of formulas in calculi [97, 96] . Among other shortcomings and difficulties discussed in Chap. 1, the major drawback of TL calculi for our purpose is that TL formulas cannot generally characterise the operations of a specific hybrid system.
Like model checking, dynamic logic (DL) [149] can directly analyse the behaviour of actual system models. However, DL only considers the behaviour at the final states, which is insufficient for verifying safety invariants that have to hold all the time, throughout the execution of the system.
We close this gap of expressivity by combining first-order dynamic logic [149] with temporal logic [247, 114, 115] . We use the generalisation of operational system models and semantics to hybrid systems from Chap. 2. In this chapter, we introduce a temporal dynamic logic dTL, which provides modalities for quantifying over traces of hybrid systems based on differential dynamic logic. We equip dTL with temporal operators to state what is true all along a trace or at some point during a trace. In this chapter, we modify the semantics of the dynamic modality [α] to refer to all traces of α instead of all final states reachable with α (similarly for α ). For instance, the formula [α] φ expresses that φ is true at each state during all traces of the hybrid system α. With this, dTL can also be used to verify temporal statements about the behaviour of α at intermediate states during system runs. As in our nontemporal dynamic logic dL , we use hybrid programs as an operational model for hybrid systems, since they admit a uniform compositional treatment of interacting discrete and continuous evolution in logic.
